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Derivatives

1- The Definition of the Derivative.
The derivative of f(x) with respect to x is the function f'(x) and is defined as,

f(x)= limf(er h) -7 (x)

h—0 h

We often “read” #'(a) as “fprime of x”.
. p

Example 1 Find the derivative of the following function using the definition of the derivative.
f(x)=2x"—16x+35

First plug the function into the definition of the derivative.

f'(x)=lim flx+h)=7(x)

h—0 ]7

o 2(x+h) —16(x+h)+35—(2x* ~16x+35)
=lim

h—=0 h

We can’t just plug in h=0 since this will give us a division by zero error. So we
are going to have to do some work.

2x? +Axh+2h* —16x—16h+35-2x* +16x—35

()= iy ,,:,
. 4Axh+2h*—16h
= lim
h—0 ’LI_.

h(4x+2h-16)

f'(x)=lm

h—0

=lm4dx+2h-16

h—0

=4x-16

So, the derivative 1s,
f(x)=4x-16
Example 2 Find the derivative of the following function using the definition of the derivative.

. t
t)=—o
g() t+1
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Solution.

g(t+h)—g(t)

g'(t)=lhm

h—0 h
. l( t+h t ]
=lim— —
=0\ t+h+1 t+1
L (t+h)(t+1)—t(t+h+1
(i%"(-"):limi (1=h)(1+1) ( +hl)
=0 )y (t+h+1)(2+1)
_ ©+1+th+h—(1" +1th+t)
=lim—
=0 Jp (t+h+1)(t+1)
1 h
=lim— ,
PO p{ (f+h+1)(1+1)

After the simplification we only have terms with h’s in them left in the
numerator and so we can now cancel an h out. So, upon canceling the h we
can evaluate the limit and get the derivative.

(1) =1i ,
g'(1) w0 (1+ 7+ 1)(r+1)

B 1
(r+1)(r+1)
) 2
(r+1)
The derivative 1s then,
1
f
g(t)=——
(r+1)
Example 3 Find the derivative of the following function using the definition of the derivative.
R(z)=+5z-8
Solution
First plug into the definition of the derivative as we’ve done with the previous two examples.
R'(z)= 11111 R(z+ ) R()
Jo(z+h)-8 -5z
=lim
h—0
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We multiply both the numerator and denominator by the numerator except we
change the sign between the two terms.
\B:—S)
5-—

(yf5(z+h) =85z =8) ({f5(z+ )-8+
0 h ({5(z+1)-8+5:=3)

R'(z)=lmm- .
5z+5h—8—(5--8
= lun Sl ( )

(52 )8 + 52 5]

= lim

Sh
(5= ) 8 =5

Again, after the simplification we have only /’s left in the numerator. So, cancel the /» and
evaluate the limit.

S
R'(z)=lm -
(=) 10 5(z+h)-8+/5--8

5
S J5-—8+4/5--8

D
245z-8

And so we get a derivative of,

So, plug into the definition and simplify.

. ‘0+h‘—‘0‘

=lim
h—0 h

_ ‘ h‘
=lim—
h—0 h

We will have to look at the two one sided limits and recall that

h ifh=0
=",
h 1ith<0
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. ‘h‘ — . .
lim = lim — because /4 < 0 1n a left-hand limut.
=0 h k=0 h

= lim (-1)

h—0"
-1
‘h h

lim — = Iim — because / > 0 1n a right-hand limat.
=0T om0t )

=lml
ho0°

=1
The two one-sided limits are different and so
i

lim+—
h—0 ,I?

doesn’t exist. However, this is the limit that gives us the derivative that we’re after.
If the limit doesn’t exist then the derivative doesn’t exist either.

The preceding discussion leads to the following definition.

Definition

A function f(x) is called differentiable at x = a if f’(a) exists and f(x) is called

differentiable on an interval if the derivative exists for each point in that interval.

Theorem

If f(x) is differentiable at x =a then f ( x) 1s continuous at X =a.

Given a function y = f(x) all of the following are equivalent and represent the derivative of
f(x) with respect to x.

Lo , df dy d .
lx)=v e X
f1(x)=y' ===/ (%))
2- Interpretations of the Derivative.
a- Rate of Change
f (\ ) represents a quantity at any x then the derivative '(a] represents the instantaneous rate

of change of f(x) at x=a.

Example 1 Suppose that the amount of water in a holding tank at 7 minutes 1s given by
V(t)=2t" 16 +35 . Determine each of the following.

(a) Is the volume of water in the tank increasing or decreasing at / =1 minute?

(b) Is the volume of water in the tank increasing or decreasing at # =5 minutes?
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Is the volume of water in the tank ever not changing? If so, when?

The derivative 1s.
. _ dar _
If-(r):4r—16 OR 7:43‘—16
f

If the rate of change was positive then the quantity was increasing and if the rate
of change was negative then the quantity was decreasing.

(a) Is the volume of water in the tank increasing or decreasing at / = 1 minute?

In this case all that we need 1s the rate of change of the volume at f =1or,

dv

V'(1)=-12 OR
dt

=-12

t=1

So, at £ =1 the rate of change is negative and so the volume must be decreasing at this time.

(b) Is the volume of water in the tank increasing or decreasing at / =5 minutes?
Again, we will need the rate of change at 1 =35.

dv

V'(5)=4 OR —
§

—4

t=5

In this case the rate of change is positive and so the volume must be increasing at # =3.

The volume will not be changing if it has a rate of change of zero. In order to have a rate of
change of zero this means that the derivative must be zero. So, to answer this question we will
then need to solve

V'(t)=0 OR d—I':o
dr
This is easy enough to do.
4t—-16=0 = t=4

So at 7 =4 the volume isn’t changing. Note that all this is saying is that for a brief instant the
volume isn’t changing. It doesn’t say that at this point the volume will quit changing
permanently.

b- Slope of Tangent Line. .

This is the next major interpretation of the derivative. The slope of the tangent line to f(x) at

x=a is f'(a). The tangent line then is given by,
y=r(a)+[f"(a)(x-a)

Example 2 Find the tangent line to the following function at =z =3.

R(z)=+5z-8
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Solution
We first need the derivative of the function and we found that in Example 3 in the last section.
The derivative is,

Now all that we need 1s the function value and derivative (for the slope) at z =3 .

R(3)=+7 m:R’(s):g?

The tangent line 1s then,

y:ﬁ+2;ﬁ(:-3)

c- Velocity.

Recall that this can be thought of as a special case of the rate of change interpretation. If the

position of an object is given by () after 7 units of time the velocity of the object at 7 = a is
given by f'(a).

Example 3 Suppose that the position of an object after 7 hours 1s given by,
\ t
g\t)=—"—
") t+1
Answer both of the following about this object.

(a) Is the object moving to the right or the left at f =10 hours?
(b) Does the object ever stop moving?

The derivative is,
1

g(t)=——=3
(r+1)
(a) Is the object moving to the right or the left at 7 =10 hours?

To determine if the object 1s moving to the right (velocity 1s positive) or left (velocity 1s
negative) we need the derivative at 7 =10.

, 1
g(lo)zﬁ

So the velocity at f =10 1s positive and so the object 1s moving to the right at 1 =10.

(b) Does the object ever stop moving?

The object will stop moving if the velocity is ever zero. However, note that the only way a
rational expression will ever be zero is 1f the numerator is zero. Since the numerator of the
derivative (and hence the speed) 1s a constant it can’t be zero.

Therefore, the object will never stop moving.
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3- Differentiation Formulas.
We will start in this section with some of the basic properties and formulas.
We will give the properties and formulas in this section in both “prime”

notation and “fraction” notation.

b (W26 </ (e ok L(r(ze()=L
' ' d df .
2) (¢ (x)) =¢/'(x) OR d—(c’f(x))zcd—, c is any number
X X

Next, let’s take a quick look at a couple of basic “computation” formulas that will allow us to

actually compute some derivatives.

Formulas
: d
1) Iff(x)=cthen f'(x)=0 OR d—(c):[}'
X
2) If f(x)=x" then f'(x)=m"" OR i(x” )= nx"", n is any number.
dx

This formula 1s sometimes called the power rule.
Example 1 Differentiate each of the following functions.
(a) f(\) = 152" —3x" +5x— 46 (b) g(r) — 2% 1+ 7478

T(J‘):J;+9x3f.x? — 22
[+

(C)

Solution

@) f(x)=15x""-3x" +5x— 46
f'(x)=15(100)x” —3(12)x" +5(1)x" ~0

=1500x" —36x"" +5
() g(t)=21°+717°

g (t)=2(6) +7(-6)t"
=12 — 42t

2

T(x)=~/x+93/x" ——=

=] 2

(C) *

-74 -



Calculus — |

1 7
=15+913—%
:‘E
1 7 2
=x2+9x3 - 2x°
1 -1 7 2 27y -2
T'(x)==x —+9(—]x3—2(——}\ 5
3 5
1 2 63 3 4 -1
=—x 24+4—x+—x°
2 3 5

Example 2 Differentiate each of the following functions.

(@ y= %/:?(2:\* — xz)

267 +17 -5
(b) f?(r):r—z

Solution

(a) y= %/:\7(29:—,\‘2)

28 +1° =5

(b) h(t)= .
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We can simplify this rational expression however as follows.

200 5 ;. S
h(it)=—+———=2t +1-5¢
(N="7+5-

This 1s a function that we can differentiate.

n(r)=6t+107

Product and Quotient Rule.

To differentiate products and quotients we have the Product Rule and the Quotient Rule.

Product Rule

If the two functions f{x) and g(x) are differentiable (i.e. the derivative exist) then the product is
cifferentiable and,

(fg)=fg+fg

Quotient Rule

If the two functions f{x) and g(x) are differentiable (7.e. the derivative exist) then the quotient is
differentiable and,

['1]':f'g—fg'
g g’

Example 1 Differentiate each of the following functions.

(a) yzi/:?(h'—xz)
(b) f(x)=(6x"—x)(10—20x)

Solution

However, with some simplification we can arrive to.

2 ) 2 3 2 3

4 7 2 3 < > 10 £ 8 3

e 3 D3 23 m 23 =3 3
3 3 3 3
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®) f(x)=(6x"—x)(10-20x)
This one is actually easier than the previous one. Let’s just run it through the product rule.
f'(x)=(18x* =1)(10—-20x) +(6x" —x)(-20)
=—480x" +180x” + 40x—10

Example 2 Differentiate each of the following functions.

32+9
w(z)=""
() () =5
Wx
b) h(x)=——
) h(x)= 3
Solution
(@ (=)= 32::r:9

There isn’t a lot to do here other than to use the quotient rule. Here is the work for this function.

(=) = 3(2-z)-(3z+9)(-1)

(2-2)
L 4x
() h(x)=—
x° =2
Again, not much to do here other than use the quotient rule. Don’t forget to convert the square
root into a fractional exponent.

1

1
4(%),\‘_2 (,\‘2 —2)—4,\E (2x)

W (x)=

Example 3 Suppose that the amount of air 1n a balloon at any time 7 is given by
7 6{/;
V(t)=—
4r+1
Determine if the balloon is being filled with air or being drained of air at 1 = 8.
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Solution

This will require the quotient rule.
1

(47 +1)— 6% (4)
(41 +1)°

il

2t

V'(t)=
1 2
-6 +21 0

(41 +1)°

1
—1613 +

2

2

_ B
(41 +1)°

|

Note that we simplified the numerator more than usual here. This was only done
to make the derivative easier to evaluate. The rate of change of the volume at
t=8 is then,

2
—16(2)+~— 1 2 132
()= 4 ])s = 3= (8)3 | =(2) =
o= =2 5 ={) ] (7 -4
63 7
2178 242

So, the rate of change of the volume at 7 =8 is negative and so the volume must be decreasing.
Therefore air is being drained out of the balloon at r =8 .

As a final topic let’s note that the product rule can be extended to more than two functions. for
mstance.

(fegh) =f'gh+fg'h+fgh

(f‘gw",'w)'r =f'ghw+ fg'hwt fghw+ fghw
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5- Derivatives of Trig Functions.
Fact

lim ST =1 lim&g_l =0
a—0 ‘9 8—0 6)

Example 1 Evaluate each of the following limits.

. smé
® W !

sin (6x)

(b) lim

x—=0 xX

¢) lm——
( =0 s ( 7x)
3

(3
(d) limm

-0 s1n ( 87 )

(e) lim s (x = 4)
x—4 xr—4

cos(2z)-1

() Im

z—0
Solution
. smé
(a) lim >
=0 (F
smé 1. smé 1., 1

lim =—lim =—(1)==
60 (& G600 @A 6

. sin(6x)
(b) lim

x—0 X

Doing the change of variables on this limit gives,

sin (6x sin(6x
lim 5111( \) =6lim sm( \) let @ = 6x
x—0 ¥ x—0 6"\*
sin( 6
=6lim ( )
-0 (9
=6(1)

=6
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. X
) !‘E}‘% si (7x)
X
sin(7x)  sin(7x)
N
lim =lim 1

—0sin(7x) 0 sin(7x)

l_igél
- hmsin('/’x)
x—0 X
B 1
S sin(7x
T
. X |
1111&_7: Toin (7x)
x—0 g X . sin( 7x
sin(7x) i S (7x)
x—=0 ?:\*
B 1
B sin( 7x
71i1113m( 1)
x—0 73(
1
(7)(1)
_ 1
7
- s (37
(d) Iim— ( )
0 s1n (87)
- s 3¢ ~ s (3¢ 1
lim ( ):11111 (31)

—0sin(8) 0 1 sin(8r)
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Now, the fact wants a t in the denominator of the first and in the numerator of the second. This
is easy enough to do if we multiply the whole thing by t/t (which is just one after all and so
won’t change the problem) and then do a little rearranging as follows

limL() = lim 3111.( ) _ : . !
—0sin(8f) 0 1 sin(8f)7
. sin(3t) ¢

=0 ¢ sm(8f)

- s (37 _ t
= 11111()] lm——
t—0 f

-0 sin ( 87)

sin (3¢ 3sin( 37
limg_m—(): limL() 11111L
—0sin(8f) |0 3¢ -0 8sin (87)
sin ( 3¢ '
= 31imL() llim_L
>0 3¢ 8 0 sin (8¢)
1
—(3) =
o))
_3
8
. sin(x—4
(e) 11111(—)

x—4 x—4

So, let & = x—4 and then notice that as x — 4 we have & — 0. Therefore, after doing the
change of variable the limit becomes,
sin(x—4) siné

lm—=lim =1
x—=4 x—4 =0 @A

© lim cos(2z)-1

z—0 =

-81-



Calculus — |

2(005(2:)—1)

lim = [im
z—0 T z—0 2:
(22)—1
=2 lum COS( )
z—=0 2:
=2(0)
0

We’ll start with finding the derivative of the sine function. To do this we will need to use the
definition of the derivative. It’s been a while since we’ve had to use this, but sometimes there
just isn’t anything we can do about it. Here is the definition of the derivative for the sine
function.

sin(x+7)—sin(x)

di(sin (\)) im

\ N h—0 h

Since we can’t just plug in /2 = 0 to evaluate the limit we will need to use the following trig
formula on the first sine in the numerator.

sin(x+h)=sin(x)cos(/)+cos(x)sin(h)

Doing this gives us,

sin(x)cos(%)+ cos(x)sin(/)—sin(x)

%(sin(,\‘))— ?7'11)1[} P

= 1'1111Sin("\.)(C(}'S(h)_l)Jr cos (x)sin (/)

h—0 h

s(h)—1
= limsin (x) M +limcos(x)
h—0 h =0

cos(h)-1

sin(7)

. RS sm(h
—(sin(x)) =sin(x)lim sin(h)

+cos(x)lim
' h—0

h—0

At this point all we need to do is use the limits in the fact above to finish out this problem.
d , . _ o ,
d—(sm (x))=sin(x)(0)+cos(x)(1)=cos(x)
X

Differentiating cosine is done in a similar fashion. It will require a different trig formula, but
other than that is an almost identical proof. The details will be left to you. When done with the
proof you should get,

d : i
?(cos(,\‘)) = —sin(x)

X
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Let’s take a look at tangent. Tangent is defined as,

sin (x)

tan (x) = w05 ()

Now that we have the derivatives of sine and cosine all that we need to do is use the quotient rule
on this. Let’s do that.

d W d [ sin(x)
d—(tan(,\))—g[ ]

X cos(x)
_ cos(x)cos(x)—sin(x)(—sin(x))
(eon(x)

~ cos’(x)+sin®(x)

cos’(x)
2 . 2 - .- ~ - ~
Now, recall that cos” (x)+sin” (x) =1 and if we also recall the definition of secant in terms of
cosine we arrive at,

cos” (x)+sin’ (x)

%(tan(,\‘)):

X cos’ (x)

—

cos

=]

(x)
=sec” ()

The remaining three trig functions are also quotients involving sine and/or cosine and so can be
differentiated in a similar manner. We'll leave the details to you. Here are the derivatives of all
six of the trig functions.

Derivatives of the six trig functions

d ., ., _ d _ _
g(sm(,\'))zcos(,\") E(COS(VY)):—SIH(,\’)
%(tan(,\*)):secz(x) %(Cot(x))z—cscz(x)
;;(sec(x)) =sec (x)tan (\) (j;(csc (\)) = —csc(x)cm (\)

Example 2 Differentiate each of the following functions.
(a) g(x)=3sec(x)—10cot(x)
(b) h(w)=3w" —w’ tan(w)
(¢) y=35sin(x)cos(x)+4esc(x)
sin (1)
3—2cos(t)

@) P(t)=
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Solution
(a) g(x)=3sec(x)—10cot(x)

g ()= 3see()tan ()10 -ese* ()
=3sec(x)tan(x)+10csc’ (x)
(b) 71(w)=3w" —w’ tan(w)
B (w)=—12w7 —(2wtan (w)+w’ sec’ (w))
=—12w7 = 2wtan (w)—w’ sec” (w)
(¢) y=Ssin(x)cos (x)+4ese(x)
¥ = 5cos(x)cos (x) + 3sin (x)(~ sin (x)) - 4ese (x) cot (x)

=5cos” (x)—35sin” (x)—4esc(x)cot(x)

@ P —S;ncgs)(r)
P*(I.) _ Cos(r)(g2_{:05(;)).Siﬂ:’(f)(Zsin(;'))
(3—2'::05(;))
— 3C05(r)_20052 (,r)_25.i112 (.")
(3—2cos(r))
pr(g) - 20812208’ (1) sin’ (1)

(3 —2cos-;(;f))2
3cos(t)-2
(3—2{:05(?))2
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6- Derivatives of Exponential and Logarithm Functions.

The most common exponential and logarithm functions in a calculus course
are the natural exponential function, e*, and the natural logarithm function, In(x)
. We will take a more general approach however and look at the general
exponential and logarithm function.

a- Exponential Functions.
We’ll start off by looking at the exponential function,

f(x)=a"

We’re going to have to start with the definition of the derivative.

fx+h)-f(x)

f'(x)=lm-
- h—0 h
x+h _ax
=lim
h—0 i;r
. ax ah _ ax
=lim
h—0 h
- a x a h _ 1)
=lim :
h—0 h

Now let’s notice that the limit we’ve got above is exactly the definition of the derivative of

f(x)=a"at x=0,ie f'(0). Therefore, the derivative becomes,
f'(x)=f'(0)a

h
: . .. . e =1
e 1s the unique positive number for which lim — = 1
h—0 1

Fact1

h

o ) ’ _ i ) -1
For the natural exponential function, f(x)=e" we have f'(0)= !1113 = L.
h— 74

So, provided we are using the natural exponential function we get the following.

fx)=e = fl(x)=¢"
f(x)=a" — f(x)=a"In(a)
b- Logarithm Functions.
;i(lux):% x>0
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d 1
(111‘1‘|):— x#0
dx X
Using the change of base formula we can write a general logarithm as,
In x
log, x =
Ina

Differentiation 1s then fairly simple.

i(loga )= d (lnx)

dx\ Ina

1 d
=——(Inx
Ina dx( )

1

xlna

Here 1s a summary of the derivatives in this section.

%(e.\’):ex %(ax):axlna
i(lnx):l i(loga x)= !
dx X dx xlna

Example 1 Differentiate each of the following functions.
(@) R(w)=4"-5log, w

(b) f(x)=3e"+10x"Inx

¥

Se
© yv=-7—
3e" +1
Solution
(a) This will be the only example that doesn’t involve the natural exponential and natural
logarithm functions.

- , 5
R'(w)=4"In4-
win9

(b) Not much to this one. Just remember to use the product rule on the second term.

f'(x)=3e" +30x" Inx+10x (lj
N

=3e* +30x° Inx+10x7
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(c) We’ll need to use the quotient rule on this one.
Se(3e +1)—(5e")(3e”)
(3¢ +1)

L

_15e™ +5e" —15e™

(3¢" +1)

7- Derivatives of Inverse Trig Functions.

If f(x) and g(x) are inverse functions then,

Recall as well that two functions are inverses if /(g (x))=x and g(f(x))=x.

a- Inverse Sine.
T

T
2 72

B _1 .
y=sm Xx g sSIy =x tor —

Note as well that since —1<sin(y)<1 we alsohave —-1<x<1.

Example 1 Evaluate sin_l(é)

Solution
So we are really asking what angle y solves the following equation.
: 1
sin(y)=—
2

and we are restricted to the values of y above.

L . T
From a unit circle we can quickly see that vy =—.
T 6

We have the following relationship between the inverse sine function and the sine function.

- i - _1 . _1 -
sin (5111 ;r) =x s’ (sin :v) =x
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Let’s start by recalling the definition of the inverse sine function.

y=sin" (x) — x =sin(y)

COS (siu_] x) =cos(y)

Now, recall that

-2 1 P -
cos’ y+sin’ y=1 = cos y =4/l—sin’ y

Using this, the denominator is now,
N B A i 2
cos( sin ,\)—cos{}-}—«.#l—sm y

Now, use the second part of the definition of the inverse sine function. The denominator is then,

(.« p . 1 2
cos (5111 : x) = \/l —sin’y = \/l —x°

This means that we can use the fact above to find the derivative of inverse sine.

f(x)=sinx g(x)=sin"x
Then,
1 |

f’(g (1)) cos (sin_L :c)

Putting all of this together gives the following derivative.
d , 1

Z (ein !y —_
dx(sm .1) ﬁ

g'(x)=

b- Inverse Cosine.
The inverse cosine and cosine functions are also inverses of each other and so we have,

COS(CDS .?C) =X cos (COS .1') =X

To find the derivative we’ll do the same kind of work that we did with the mverse sine above. If
we start with
f(x)=cosx g(x)=cos'x

then,
()= =
S f'(g(x)) - —sin(cos_] x)

Simplifying the denominator here is almost 1dentical to the work we did for the inverse sine and
so 1sn’t shown here. Upon simplifying we get the following derivative.
1

d(cos_1 \'):
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c- Inverse Tangent.
The tangent and inverse tangent functions are inverse functions so,

tan ( tan ™’ x) =X tan” (tanx)=x
Therefore to find the derivative of the inverse tangent function we can start with
f(x)=tanx g(x)=tan™ x
We then have,
s 1 1
g'(x)= =

( N 2 -1
f’(g(x)) sec (tan x)
Simplifying the denominator is similar to the inverse sine, but different enough to warrant

showing the details. We’ll start with the definition of the inverse tangent.

y= tan”~ x = fany=x

The denominator is then,

24 -1
sec” (tan” x)=sec” y

Now, if we start with the fact that
2 ) :
cos” y+sm” y=1
and divide every term by cos? y we will get,
l+tan’ y =sec’ y

The denominator is then,

sec’ (tan_1 x) =sec’ y=1+tan’ y

Finally using the second portion of the definition of the inverse tangent function gives us,

sec’ (tan_1 x) =l+tan’ y=1+x"

The derivative of the inverse tangent is then,

d, . _ 1
g[tan ! x) =2
Here are the derivatives of all six inverse trig functions.
7(51'11—1\):71 —(cos l.\)zf .
& N X 1-x°
d 1 a 1) _ 1
A(tau A)_l+x2 \(cot \) L2
1 1
—(sectx)= ——— —(escx)=-
dv‘( ‘x‘\fxz%l d‘( ) M 1]
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Example 2
Differentiate the following functions.

(@) f(t)=4cos™ (t)—10tan™ (1)
(b) y=+/zsin"'(z)

Solution
(a) Not much to do with this one other than differentiate each term.
. 4 10
St ) - T, 2
J1=72 1+¢
(b) Don’t forget to convert the radical to fractional exponents before using the product rule.
1 —
y' :i: 25in”" (:)_‘_7\/?
’ NI

2

8- Derivatives of Hyperbolic Functions.
There are six hyperbolic functions and they are defined as follows.

. e" —e " e +e "
smhx=——— coshyx=—
sinh x cosh x 1
tanh x = cothx = — =
cosh x smhx tanhx
1 1
sechx = cschx = —
cosh x sinh x
Here are the graphs of the three main hyperbolic functions.
» =cosh x y=sinhx
¥
\ 6 r ¥
\ ! 6
\ St /
\ 4tk
4tk
e
2} |
_l____
4l
1 1 1 1 1 1 x
-3 —2 -1 0 1 2 3 —f -
»=tanh x
¥
___________ B
1 1 1 1 1 1 o
—3 —2 -1 / 1 2 3
e T

-90 -



Calculus — |

Because the hyperbolic functions are defined in terms of exponential functions finding their
dertvatives is fairly simple provided you've already read through the next section. We haven’t
however so we’ll need the following formula that can be easily proved after we’ve covered the
next section.

i(e—x ) — e
dx

With this formula we’ll do the derivative for hyperbolic sine and leave the rest to you as an
exercise.

d , . d[e —e™ e’ — (—e_x) e +e”
—(sinhx)=— = = = cosh x
dx dx 2
For the rest we can either use the definition of the hyperbolic function and/or the quotient rule.

Here are all six derivatives.

i (sinhx) = cosh x —(cosh x) =sinh x

dx dx

E (tanh x) —sech’x E(coth x) — _csch’x
—(sechx)=—sech x tanh x —(cschx)=—csch x coth x
Z 1 1 1 = 1 1 1
dx dx

Example 1 Differentiate each of the following functions.
(a) f(x)=2x"coshx

() h(1)= 511111_1
r+1
Solution
(a)
f'(x)=10x" coshx + 2’ sinh x
(b)

(r+ l)cosh? —sinh?
(r+1)2

h'(1)
9- Chain Rule.

Suppose that we have two functions f{x) and g(x) and they are both differentiable.
1. If we define F(x)=(fg)(x) then the derivative of F(x) is,

F'(x)=f"(g(x)) &'(x)
2. Ifwehave y=f(u) and u = g(x) then the derivative of y is,
dy _dy du
dx  du dx
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F(x)= f  (g(x) &)
—_ v S v ’
denvattve of  j1oide function  times derivative

outside function left alone of nside function

Example 1 Use the Chain Rule to differentiate R(z)=+/5z-8 .

So, using the chain rule we get,

Example 2 Differentiate each of the following.

(@) f(x )—3111( x +;r) |
() £ (1)=(2F +cos(r))

© h ( , t) _ "I

(@ g(x)=In(x™"+x")
(€) y = sec(1-5x)

(f) P(t)=cos"(r)+cos(t*)

Solution
@) f(x)= sin(3x2 +x)
It looks like the outside function is the sine and the inside function is 3x“+x. The derivative is

then.

f'(x)=cos (3,\'2+,\') (6x+1)
H—/

denvative of leave inside times derivative
outside fanction g oo of inside function
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Or with a little rewriting,
f'(x)=(6x+1)cos (3,\'2 + x)

. 3 .30
®) f(1)=(2 +cos(r))
In this case the outside function is the exponent of 50 and the inside function is all the stuff on the
mnside of the parenthesis. The derivative is then.

f'(t)=50(27 +cos(r))49 (61 —sin(t))

\ 49

=50(6r° —sin(r))(2r° +cos(1))
(C) }i‘ (11?) _ eu.4_3w1+9
()6 (1)
_ (41 ‘?3 . 6":13)9“'4 —3u’ 49

(d) g(x)= 111( +X )

1 —4x7 +4x°

! ;\: - '—"—1-.:‘:_5 +—1'.r3) _
g( ) x—4+x4( eyt

(e) y =sec(1—>5x)

v ' =sec(l-5x)tan(1-5x)(-5)

= —Ssec(l—_ x)tan(l—#’x)

(®) P(t)=cos*(1)+cos(r*)
P'(r):'—'lcosj(r)( sin (7 )—3111( )( )

:—4si11(r)c05 (1)- 4f° 5111(1‘ )
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Example 3
Differentiate each of the following.

@) T'(x)= ‘ran_l(zx) W

X +4 i
(b) Y= ( ,))3
(1—2}:‘)

Solution
(@) T(x)=tan™" (2x)1-3x’

This requires the product rule and each derivative in the product rule will require a chain rule
application as well.

") = 1 ' .2% -1 ,i-_\'z_i_\;
T(.\)_m(z)(l—h )? + tan (2.@(3)(1 3x%) 3 (—6x)
_72(13,\‘2)§_ x(1-3x" % an” (2x
) 2x(1-3x") 3 tan™ (2x)
(b) y= (\ +4)3
(1-2x7)

In this case we will be using the chain rule in concert with the quotient rule.

S(x*+4) (327)(1-207) = (x* +4) (3)(1-247) (—4x)

((1—2.\‘2)3)

These tend to be a little messy. Notice that when we go to simplify that we’ll be able to a fair
amount of factoring in the numerator and this will often greatly simplify the derivative.

(x* +4) (1-227) (5(327) (1-20% )~ (* +4) (3) (—4x))
(1-2x)

o

3x(x*+4) (5x—6x° +16)
(1-2%)'
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10- Implicit Differentiation.
They have all been derivatives of functions of the form y =f (x).

Example 1 Find ' for xy =1.

Solution 1 :

y=— f— J.—" =——
X X

Solution 2 :

xy=xy(x)=1

d J

T xvix)) =11
dx(w(w)) ()

| d

Dy (x)+x—(v(x)) =0
(1) y(x) 1dﬁ+(3(*))

Now, recall that we have the following notational way of writing the derivative.

d, , . dv
—(Vix —__r — V
dx ( ( )) dx
Using this we get the following,
y+xy'=0
' Y
.‘1":- —_
¥
' ,f'/ X J.
y ==
X X

The process that we used in the second solution to the previous example is
called implicit differentiation and that is the subject of this section.

Example 2 Differentiate each of the following.

(a) (5.3.‘3 —7:\‘4—1)5, [f(\)T i [11(1)]i
(b) sin(3—6x). sin(y(x))
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(C) EIE—QI E}{I}
Solution
(a) (5:{3—7x+1)5, [f(\)]s [y(:r)]S

With the first function here we’re being asked to do the following,

;[(Sf —7x+l)5] = 5(5x° —Tx+1) (1527 —7)
»

LT =5[] ()

(b) sin(3—6x), Sin(y(x))
d - . |
— | sm(3—6x)|=—-6cos(3—-06x
- _5111( X )] cos ( x)

d_
d,\—

5111( (X ))] V(= )‘305( (€ ))

2 g )
(C) EI 9.1! E-L{Jl]

%( T = (20 -9)e

i (E.}'[J‘] ) _ };; (A) E}-‘{x}

dx

Example 3 Find y' for the following function.
x*+3> =9
d 5 2 d
—[x"+]| y(x ): —(9
] )=

All we need to do for the second term is use the chain rule. After taking the
derivative we have,

2x+2 [}(E)T Y'(x)=0
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The final step is to simply solve the resulting equation for y'.
2x+21'=0
y =2
‘}l‘
Example 4 Find the equation of the tangent line to
X +37=9

at the point (2. \/E ) .

The tangent line then is given by,

y=rf(a)+f'(a)(x=-a)

Solution

The tangent line 1s then.

Example 5 Find y' for each of the following.
(@) vy’ +3x =8y +1
(b) x”tan(y)+ '’ sec(x)=2x
(c) e =x7 —111(.1}-*3)
Solution
(@) x’1° +3x =8y +1
Here 1s the differentiation of each side for this function.

3x7y” +5x7 Yty +3=24y7y
Then factor 3" out of all the terms containing it and divide both
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sides by the “coefficient” of the y'. Here is the solving work for this one,
3x%y° +3=24y%) - 52°y"y
3x2}-‘5 +3= (24}»‘2 — 5x3y4 ) '

o 3743
! 241, 5x7y

(b) x* tan(y)+ ¥ sec(x)=2x
We’ve got two product rules to deal with this time. Here 1s the derivative of this function.

2xtan(y)+x’sec” (1) ' +10y°y sec(x)+ 3" sec(x)tan(x) =2

Now. solve for the derivative.

(x*sec’ (1) +10y” sec(x))»' =2 - " sec(x)tan(x)—2xtan(y)
. 2—y""sec(x)tan(x)—2xtan(y)
V' =
’ x’sec” (1) +10y” sec(x)

(C) e21-+3_1' — .?‘:2 o 111 (I}:i )

Here 1s the derivative of this equation
1 + 3.1:3 y'

7x+31
(2+3)")=2x—
1}’
Now we need to solve for the derivative and this is liable to be somewhat messy. In order to get
the y" on one side we’ll need to multiply the exponential through the parenthesis and break up

the quotient.

292_,(_'_3}‘ i 3 "_,e2x+3y N 2\. _ J:S B 3,\'};2}»1
g T o
2 2x43y r 2x+3y 1z 1"'
e T +3ye T =28y ————
Xy

(3elx+3}-‘ + 3—1'__—1 )_‘"J =Jx— x—l _ 2ezx+3._1r

1 A 2x43y
L 2x—xT -2
-}’ - ?eZ.‘c+3._1'

+ 3_1"_1
In the new example we want to look at we’re assuming that x = x(7) and that y = y(¢) and

differentiating with respect to 7. This means that every time we are faced with an x or a y we’ll be
doing the chain rule. This in turn means that when we differentiate an x we will need to add on
an x' and whenever we differentiate a y we willaddona y".
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Example 6 Assume that x=x(7) and y = y(#) and differentiate the following equation with

respect to r.

Solution

> 5 —x : :
3a7xy° +6x°17y —x'e' ™ + 5y sin(5y) = 2

11- Related Rates.

In this section we are going to look at an application of implicit differentiation.
Example 1 Air is being pumped into a spherical balloon at a rate of 5 cm?/min. Determine the
rate at which the radius of the balloon 1s increasing when the diameter of the balloon 1s 20 cm.

Solution.
Before we do that let’s notice that both the volume of the balloon and

the radius of the balloon will vary with time and so are really functions of time, i.e. () and

r(t).

We want to determine the rate at which the radius is changing. Again, rates are derivatives and so
it looks like we want to determine,

r'(t)="? when r(r):%:wcm

We know that air is being pumped into the balloon at a rate of 5 cm’/min. This is the rate at
which the volume 1s increasing. Recall that rates of change are nothing more than derivatives and
so we know that,

V'(1)=5

Now that we’ve identified what we have been given and what we want to find we need to relate
these two quantities to each other. In this case we can relate the volume and the radius with the
formula for the volume of a sphere.

5=4nr (102 ) 7! = r' = L cm/min
807
Let’s work another problem that uses some different ideas and shows some of the
different kinds of things that can show up in related rates problems.
Example-2
A tank of water in the shape of a cone 1s leaking water at a constant rate of
2ft*/hour . The base radius of the tank is 5 ft and the height of the tank is 14 ft.

(a) At what rate 1s the depth of the water in the tank changing when the depth of the
water 1s 6 ft?

(b) At what rate is the radius of the top of the water in the tank changing when the depth
of the water is 6 ft?
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Solution.

-—--t-r-

14

The volume of water 1n the tank at any time 7 1s given by,
|
2
V=—nmrh
3

and we’ve been given that J/'= -2 .

(a) At what rate is the depth of the water in the tank changing when the depth of the water
is 6 ft?

For this part we need to determine 4" when 7 =6 and now we have a problem.
2 1
- : 27
V' = 3 mrr'h+—nmr h'

When we have two similar triangles then ratios of any two sides will be equal. For our set this
means that we have,

r J J

— = F=

h 14 14

h
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If we take this and plug 1t mto our volume formula we have,

' 5V 5
If’zlm'zhzlﬁ(—h) h= 2 ah’

3 3 114 588
, 25
V'= zh*h’
196
At this point all we need to do is plug in what we know and solve for /" .
5 ) J—
B 7(6%)h' = =%~ 01386
6 2257w

So, it looks like the height 1s decreasing at a rate of 0.1386 ft/hr.

(b) At what rate is the radius of the top of the water in the tank changing when the depth of
the water is 6 ft?

In this case we are asking for '

h 14 14
— = — ,z‘.?:—_?‘
r D D
5 A
rF=— — r'=—n
14 14

At this point all we need to do here is use the result from the first part to get,

5( —
r'=— 78 ]:—L:—O.O%‘Sl
14\ 2257 457

Example 3

A trough of water i1s 8 meters deep and its ends are in the shape of isosceles
triangles whose width is 5 meters and height is 2 meters. If water is being pumped in at a

constant rate of 6 m’/sec . At what rate is the height of the water changing when the water has a
height of 120 cm?

Solution
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A
DY /4
“ \V vk
For our case the volume of the water 1n the tank is,

V' =(Area of End)(depth)
= (L base x height )(depth))

— 1 Iy
=L1/mv(8)
=4hw
with similar triangles ratios of sides must be equal. In our case we’ll use,
w h 5
—=— — w=—h
5 2 2

Plugging this into the volume gives a formula for the volume (and only for this tank) that only
mvolved the height of the water.

V= Ay = 41?(%}7}— 1072

We can now differentiate this to get,
V'=20hh'

Finally, all we need to do is plug in and solve for 7" .
6=20(1.2)4 — K =0.25 m/sec

So. the height of the water 1s rising at a rate of 0.25 m/sec.
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12- Higher Order Derivatives.

Let’s start this section with the following function.
f(x)=5x"-3x" +10x -5

By this point we should be able to differentiate this function without any problems. Doing this
we get,

f'(x)=15x" —6x+10

Now, this 1s a function and so it can be differentiated. Here 1s the notation that we’ll use for that,
as well as the derivative.

£7(x) = (" (x)) =30v—6

This is called the second derivative and f'(x) is now called the first derivative.

Again, this is a function so we can differentiate it again. This will be called the third derivative.
Here is that derivative as well as the notation for the third derivative.

fm(x) _ (f"(;\)) _ 30
Collectively the second, third, fourth, erc. derivatives are called higher order derivatives.

Example 1 Find the first four derivatives for each of the following.
1

(a) R(t)=3t"+8t2 +¢
(b) y=cosx
©) f(»)=sin(3y)+e™ +In(7y)

Solution
1

@) R(t)=3"+812 +¢'

There really 1sn’t a lot to do here other than do the derivatives.
1

R'(t)=6t+4t 2 +¢'

2
R"(t)=6-2t % +¢
3
R"(t)=3t 2 +¢
15 2
R<4>(r):—12 f2 e
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(b) y=cosx

Again, let’s just do some derivatives.

y=cosx

y'=—sinx
.ﬂ'

y'=—cosx

V" =sinx

(4) _ .
¥ =cosx

(C) f( 1") = Sill(BJF) + e_z}' + 111(?};)

, p Y 1 -2y -
f'(»)=3cos(3y)—2e +—=3cos(3y)—2e"" + "

"
f(4) (»)=81sin(3y)+1 6e ™ —6y~"

Taking the derivatives of some complicated functions can be simplified by

using logarithms. This is called logarithmic differentiation.

Example 1 Differentiate the function.

5
X

(1-10x)vx* +2
Solution

Ditferentiating this function could be done with a product rule and a quotient rule. However, that

would be a fairly messy process. We can simplify things somewhat by taking logarithms of both
sides.

J,’ =

111).-111{(1103.‘)@]
Iny=1In (xj ) - 111((1 —10x)vx* + 2)

Iny=1In (xj )—In(1-10x)—1In (‘\,‘ X+ 2)

What we need to do at this point is differentiate both sides with respect to x.
Note that this is really implicit differentiation.

-104 -



Calculus — |

s o\
J;r Sx4 ~10 E(,\'_ + 2) 2 (2,\)
5 - 10~ 1
VX 1-10x ( 2, 2)2
¥y 5 10 x
L =— 3 ——
y x 1-10x x"+2

To finish the problem all that we need to do is multiply both sides by y and the plug in for y since
we do know what that is.

, (S 10 X J
Vi=y| —+ ——
- 7 lx 1-10x xt42

X (5 10 X }
:' _+. ——
(1-10x)yx? +2\x  1-10x &7 42

Example 3 Differentiate y =(1-3 x)““[-"]

Solution

Now, this looks much more complicated than the previous example, but is in fact only
slightly more complicated. The process 1s pretty much identical so we first take the log
ot both sides and then sumplify the right side.

Iny=In|(1-3x o) =cos(x)In(1-3x
A (

Next, do some implicit differentiation.
: , -3 . , 3
RAE (x)In(1-3x)+cos(x) =—sin(x)In(1-3x)-—cos(x)-
y 1-3x 1-3x

Finally, solve for y" and substitute back in for y.

V' = _).f(si11(,\")111(1 —3x)+ cos(x)l :: ]
_‘_;\‘

:—('l—Sx)wsm(sin(x)hl(l—3x)+cos(x)1 33 J
R ;\"
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Problems: Sheet No. 4
13- Problems.

For problems 1 — 12 find the derivative of the given function.

[a—

. f(.\')z!:i*r3 —Oxy+4

)

y=2t"—10" +13¢

3. g(z)=4z"-327+9z

4 h(v)=r"-9r" +8y7 +12

5. y=x+83x 2%~

6. f(x)=103x —fx" +63/x* -3

4 1 8
7. f(t)=———+—
/(1) t 6 f
6 1 1
8 R(:}_ 3"' 1 L 10
- -t 3z

9. = :.*r(?mr2 -9)

10. 3(."):{.1'—4](2_1'+_1-3)

11. f;(?):w
' X
v =5y +2y
12. f(y)=- —
:‘.I
13

Find the tangent line to f(x)=7x" +8x™° +2x at x=—1.
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Problems: Sheet No. 4
14 -

The position of an object at any time 7 is given by s(7) = 3t' — 408 +1261° -9.

(a) Determine the velocity of the object at any time 7.
(b) Does the object ever stop changing?
(c) When 1s the object moving to the right and when 1s the object moving to the left?

Product and Quotient Rule

For problems 1 — 6 use the Product Rule or the Quotient Rule to find the derivative of the given
function.

1 f(r)=(4r —1)(F -8¢* +12)

(]
e
Il
—
f—
+
ﬁ
e
S —
—
s
iY
|
()
s
py

6x
4. g(x)= o,
=
\/.\_'+2.\‘
6 flx)= Tx —4x7

7. If(2)=-8. f(2)=3. g(2)=17and g'(2) =—4 determine the value of ( f g) (2).
8.If f(x)=x"g(x). g(-7)=2. g'(-7) =—9 determine the value of f"(-7).
9. Find the equation of the tangent line to ‘_f(_x] = (1 + 12\/;](4— xg) at x=9.

el
. xX—x" .. : .
10. Determine where f(x)= [ 8s is increasing and decreasing.
+8x”

11. Determine where 7 (¢) = (4 —t )(1+ 5t ) is increasing and decreasing.
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Problems: Sheet No. 4
Derivatives of Trig Functions

For problems 1 — 3 evaluate the given limit.

sin(10z
1. lim ( )

=0 z

2. 111]178]?](120(]
a=0 sin (S )

cos(4x)—1
3. h'mL
x—=0 X

For problems 4 — 10 differentiate the given function.
4. f(x)=2cos(x)—6sec(x)+3

5. g(z)=10tan(z)—2cot(z)

6. f(w)=tan(w)sec(w)

7. h(t)=t -+ sin(r)

8. y= 6+4J.\_-csc(x}

1

9. R(r)= 2sin(7)—4cos(7)

» t( .
o, 2(1‘)21 +tan(v)

1+csc(v)

Derivatives of Exponential and Logarithm Functions
For problems 1 — 6 differentiate the given function.

1. f(x)=2e" -8

2

g(t)=4log,(7)~In(r)
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Problems: Sheet No. 4
5 .f?{ll')= Y 5
—e
1+5¢
S S0

7. Find the tangent line to f(x)=7"+4e" at x=0.

8. Find the tangent line to f(x)=In(x)log, (x) at x=2.

9. Determine if V' (¢)= — 1s increasing or decreasing at the following points.
' e

(a) r=—4 (b) r=0 (©) 1=10

Derivatives of Inverse Trig Functions
For each of the following problems differentiate the given function.

1. T(z)=2cos(z)+6cos™ (=)

(]

. g(f)=csc™(t)—4cot™ (¢)
3. y="5x"—sec™ (x)
4. f(w)=sin(w)+w’ tan™ (w)

_sin”(x)

h

Ch(x
( ) 1+x

Derivatives of Hyperbolic Functions
For each of the following problems differentiate the given function.

1. f(x)=sinh(x)+2cosh(x)—sech(x)

2. R(t)=tan(t)+1* csch(r)
3 =+l
- tanh (=)
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Problems: Sheet No. 4
Chain Rule
differentiate the given function.

L f(x)=(6x" +7x)4

2 g(r)=(4 -3+2)
3. y=1/1-8z

4. R(w)=csc(7w)

5. G(x) = 2sin(3v + tanv))
6. h(u)=rtan(4+10u)
7

7. f(t)=5+e""

8 g(x)=e"

10. u(r)=tan"" (3t -1)
11. F{y):11]1(1—5_1*2 +17)
12. V(x)=1In(sin(x)-cot(x))

13. h(z)=sin(z°)+sin’(z)
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Problems:

Sheet No. 4

14.

15.

16.

18.

19.

[ =]
(]

28. Find the tangent line to f(x)=4+/2x —6e’ ™" at x=2.

. 4 E . .
29. Determine where V' ( :) =z (2z—8) is increasing and decreasing.

CK(x)=

£ (%) :({/EJrsin: (3-T).]

S(w)=+vTw+e™

g(z)=3z"-sin(z*+6)

f(x)=In(sin(x))—(x* —3.\*)10

g(r)=1"In(7")
g(w)=cos(3w)sec(l—w)

l+e™
x+tan(12x)

22. ‘_f(x}:cos{xze])

. z=,/5x+tan(4x)

3

f(r):(e"“ +sin(2—r))

25 5(5)= (< 1) (69

h(z)=tan*(z* +1)

W1
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Implicit Differentiation

For problems 1 — 3 do each of the following.
(a) Find y" by solving the equation for y and differentiating directly.
(b) Find »" by implicit differentiation.
(¢) Check that the derivatives in (a) and (b) are the same.

1. =1

x
3

)

‘+y° =4

-
"

For problems 4 — 9 find y" by implicit differentiation.

4.2y’ +4x" —y =x°

LA

737 +sin(3x)=12-y*

6. " —sin(y)=ux

7.4x7y —2x=x"+4y°
- .

8. cos(x” +2_T)+.TE“ =1

2

0. tan(.*rzy4 ) =3x+y
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2. x° +_1'3 =4

3.7 +y7 =2
For problems 4 — 9 find y' by implicit differentiation.

4.2y +4x7 —p=x°

LA

7y% +sin(3x)=12-*
6. e —sin(y)=x
7. 4.1'2_1'? —2x=x" +4_1'3

8. cos(x +2y)+ ve' =1

4

9. tan(x’y* ) =3x+y’

For problems 10 & 11 find the equation of the tangent line at the given point.
10. x*+9° =3 at (1.—\6'] ‘

11. y’e™ =3y +x7 at (0.3).

For problems 12 & 13 assume that x = x(7). y = y(7) and z = z(r) and differentiate the given

equation with respect to 7.
12. ¥ =y’ +2* =1
13. x” cos(y)=sin(y’ +4z)

Related Rates
1. In the following assume that x and y are both functions of . Given x=-2. y=1and x' =4

determine y" for the following equation.
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4-4y

2 2

6y +x'=2-xe
2. In the following assume that x. y and = are all functions of 7. Given x=4. y=-2, z=1.

x'=9 and 1’ =-3 determine z' for the following equation.

x(1—p)+527 =172 +27 -3

10. A tank of water in the shape of a cone is being filled with water at a rate of 12 m*/sec. The
base radius of the tank is 26 meters and the height of the tank is 8 meters. At what rate is the
depth of the water in the tank changing with the radius of the top of the water is 10 meters?

11. The angle of elevation is the angle formed by a horizontal line and a line joining the
observer’s eye to an object above the horizontal line. A person is 500 feet way from the launch
point of a hot air balloon. The hot air balloon is starting to come back down at a rate of 15 ft/sec.
At what rate is the angle of elevation. @, changing when the hot air balloon is 200 feet above the
ground. See the (probably bad) sketch below to help visualize the angle of elevation if you are
having trouble seeing it.

Balloonl

)

Person

Higher Order Derivatives

For problems 1 — 5 determine the fourth derivative of the given function.

L. h(t)=3t"—61" +8 —12r +18

(=]

) V(_x]:xg—.\‘2 +x—1

L &

8x”

f(x)=43+ -

¥ 5]

4. f(w)="Tsin(¥)+cos(1-2w)

h

. y=e77+8In(2z*)

For problems 6 — 9 determine the second derivative of the given function.
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6. g(x)= Fsin(an3 —9x)

7. ::]11(7—.?3]

Logarithmic Differentiation

For problems 1 — 3 use logarithmic differentiation to find the first derivative of the given

function.

si11(_3:+:2]

(6-=*)
3 ()= V5t +8 3/1-9cos(4r)

Y2 +100

<. V=

For problems 4 & 5 find the first derivative of the given function.

1. g(w)=(3w=7)"
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