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Derivatives 

1- The Definition of the Derivative. 

 

 

 

  

We can’t just plug in h=0 since this will give us a division by zero error. So we 

are going to have to do some work.  
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Solution. 

 

 

After the simplification we only have terms with h’s in them left in the 

numerator and so we can now cancel an h out. So, upon canceling the h we 

can evaluate the limit and get the derivative.  
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We multiply both the numerator and denominator by the numerator except we 

change the sign between the two terms.  
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2- Interpretations of the Derivative. 

a- Rate of Change 
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If the rate of change was positive then the quantity was increasing and if the rate 

of change was negative then the quantity was decreasing.  

 

 

 
 

b- Slope of Tangent Line. 
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c- Velocity. 

 

 

 

 

The derivative is,  
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3- Differentiation Formulas. 

We will start in this section with some of the basic properties and formulas. 

We will give the properties and formulas in this section in both “prime” 

notation and “fraction” notation. 

 

 

 

 

 

 

 

 

 

( C )            

 

 

 

 

( C )            



Calculus – I 

- 75 - 
 

 

 

 

 

 

 

 

 

 



Calculus – I 

- 76 - 
 

 

4- Product and Quotient Rule. 

 

 

 

 

 

 

 

 

 

However, with some simplification we can arrive to.  
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Note that we simplified the numerator more than usual here. This was only done 

to make the derivative easier to evaluate. The rate of change of the volume at  

t=8 is then,   
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5- Derivatives of Trig Functions. 
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Now, the fact wants a t in the denominator of the first and in the numerator of the second. This 

is easy enough to do if we multiply the whole thing by t/t (which is just one after all and so 

won’t change the problem) and then do a little rearranging as follows  
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6- Derivatives of Exponential and Logarithm Functions. 

The most common exponential and logarithm functions in a calculus course 

are the natural exponential function, ex, and the natural logarithm function, ln(x) 

. We will take a more general approach however and look at the general 

exponential and logarithm function. 

a- Exponential Functions. 

   
We’re going to have to start with the definition of the derivative. 

 

 

 

 

 
b- Logarithm Functions. 
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Using the change of base formula we can write a general logarithm as, 
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7- Derivatives of Inverse Trig Functions. 

If f(x) and g(x) are inverse functions then, 

 

 
a- Inverse Sine. 

 

 

 

 
We have the following relationship between the inverse sine function and the sine function. 
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Let’s start by recalling the definition of the inverse sine function. 

 

 

 
 

 

 

 

 
 

This means that we can use the fact above to find the derivative of inverse sine. 

 

 
 

b- Inverse Cosine. 
The inverse cosine and cosine functions are also inverses of each other and so we have, 
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c- Inverse Tangent. 
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Example 2 

 

 

 

 
 

8- Derivatives of Hyperbolic Functions. 

There are six hyperbolic functions and they are defined as follows. 
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For the rest we can either use the definition of the hyperbolic function and/or the quotient rule. 

Here are all six derivatives. 

 

 

 
9- Chain Rule. 

 



Calculus – I 

- 92 - 
 

 

 

 

 

 

 

 

 

 

 

 



Calculus – I 

- 93 - 
 

 

 

 

 

 

 

 

 

 

 
 

 



Calculus – I 

- 94 - 
 

Example 3 
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10- Implicit Differentiation. 

They have all been derivatives of functions of the form y =f (x). 

 

 

 

 

 

 

 

 

 

 

 
The process that we used in the second solution to the previous example is 

called implicit differentiation and that is the subject of this section. 
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Solution 

 

 

 

 

 

 

 

 

 

 
All we need to do for the second term is use the chain rule. After taking the 

derivative we have,  
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Solution 
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11- Related Rates. 
In this section we are going to look at an application of implicit differentiation. 

 
Solution. 

 

 

 

 

 

 
Let’s work another problem that uses some different ideas and shows some of the 

different kinds of things that can show up in related rates problems. 

Example-2 
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Solution. 

 

 

 

 

 

 
When we have two similar triangles then ratios of any two sides will be equal. For our set this 

means that we have,  
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At this point all we need to do here is use the result from the first part to get,  

 
Example 3 
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12- Higher Order Derivatives. 
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Taking the derivatives of some complicated functions can be simplified by 
using logarithms. This is called logarithmic differentiation. 

 

 
What we need to do at this point is differentiate both sides with respect to x. 

Note that this is really implicit differentiation.  
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